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In one dimensional chains of trapped Rydberg excitons in cuprous oxide semiconductor the topo-
logical spin phase has been recently predicted [Phys. Rev. Lett. 123, 126801 (2019)]. This phase
is characterized by the diluted antiferromagnetic order of p-shell exciton angular momenta-1 and
the edge states behaving akin spin-1/2 fermions. Here we study the properties of the ground state
in the finite chains and its fine structure resulting from the effective interaction of the edge spins.
We demonstrate that these edge states can detected optically via the enhancement of the circu-
lar polarization of the edge emission as compared with the emission from the bulk. We calculate
the distribution of the exciton angular momentum vs. trap number in the chain numerically and
analytically based on the variational ansatz.
I. INTRODUCTION
Search for novel “quantum” phases of condensed mat-
ter with non-trivial optical, magnetic, and topological
properties is among the most vital problems in the
field.1,2 In this regard, interacting quasiparticles in semi-
conductors and semiconductor nanosystems represent at-
tractive systems. This is because a manipulation of their
properties by external fields and tailoring of the envi-
ronment by nanotechnology offers unique possibility to
control the quasiparticles, their arrangement and inter-
actions on demand.
A natural quasiparticle formed in semiconductors by
means of optical excitation is the exciton, the Coulomb-
interaction correlated electron-hole pair.3–5 The large-
radius Wannier-Mott excitons were observed in cuprous
oxide in 1950s6 and actively studied in various semi-
conductors and semiconductor-based nanosystems since
then. Due to exceptional optical quality of natural Cu2O
crystals it has been possible to observe a Rydberg series
of excitons up to the principal quantum number n & 25,7
and study a plethora of effects inherent to these highly-
excited quasiparticles, see Refs. 8,9 for a review.
The symmetry of conduction and valence bands in
Cu2O imposes strict selection rules for the interband op-
tical transitions. In particular, in the dipole approxima-
tion the p-shell states with the angular momentum (for
brevity spin, in what follows) L = 1 are excited in single-
photon processes.6,7,10 Together with the strong van-der-
Waals interactions of Rydberg excitons,11 it makes pos-
sible to study correlated phases of spin-1 particles.
We have predicted in Ref. 12 that one-dimensional
chains of trapped Rydberg excitons in cuprous oxide have
a ground state with a topologically nontrivial spin order,
the so-called Haldane phase.13 This phase is character-
ized by a diluted antiferromagnetic order and a gapped
spectrum of elementary excitations. A specific feature
of the Haldane phase is the presence of the edge states
which behave as spin-1/2 fermions despite the fact that
the chain is formed of spin-1 particles.
Naturally, a question arises whether these edge states
– being a hallmark of the Haldane phase – can, at least
in principle, be detected in an experiment. Here we ad-
dress this question and propose a scheme to detect the
edge states optically via the polarization of the emitted
light. We demonstrate that the spin state of the exciton
in the chain L is transferred to the circular polarization
of the emitted light. Namely, the radiative recombina-
tion of the exciton results in the emission of σ+- or σ−-
polarized photon depending on exciton Lz spin compo-
nent. Importantly, we demonstrate that the unpaired
edge spin states result in increase of the |Lz| magnitude
at the edges of the chain as compared to its bulk.
The paper is organized as follows. Section II presents
the basics of the model of chains of trapped Rydberg
excitons introduced in Ref. 12 and a simplified theory
for the optical selection rules. Further, Sec. III contains
the results of numerical calculations for the finite-length
chains of Rydberg excitons and analytical results for a
semi-infinite chain. The paper is summarized in a brief
conclusion in Sec. IV where the outlook is also presented.
II. MODEL
We consider a model system schematically described in
Fig. 1(a). It consists of one-dimensional periodic array of
potential wells which serve as traps for excitons in Cu2O.
z
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FIG. 1: (a) Schematics of the circularly polarized emission
from the diluted antiferromagnetic state of p-shell Rydberg
excitons in an array of traps. (b) Representation of diluted
antiferromagnetic order by a chain of spins-1/2 with singlet
coupling.
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2These traps can be formed by lightwaves akin optical
lattices of cold atoms,14 by strain or electrostatic poten-
tials applied to the semiconductor,15 or, alternatively, by
trapping excitons in nanocrystals.16 Let us assume that
the traps are sufficiently large to disregard their effect on
the electron-hole relative motion envelope Φn,l,m(ρ) with
ρ = re−rh, re (rh) being the electron (hole) coordinate,
where n = 1, 2, 3, . . . is the principal quantum number,
l = 0, 1, 2, . . . , n − 1 is the orbital angular momentum,
and m = −l, . . . , l is its component (or magnetic quan-
tum number). For simplicity we consider isotropic traps
where at fixed n and l the (2l + 1)–fold degeneracy over
m remains, see Supplement to Ref. 12 for analysis of the
anisotropy and numerical estimates.
In cuprous oxide the topmost valence band and the
bottom conduction band are two-fold spin degenerate
and have the same parity. For illustrative purposes and
simplicity we disregard an actual orbital structure of the
valence and conduction band Bloch functions and con-
sider the optical transitions in the minimal model where
the angular momentum of light is transferred to the an-
gular momentum of the envelope function. Note that the
account for the spin-orbit interaction somewhat modifies
the excited states, see Ref. 17 and references therein for
detail. We, however, disregard this effect and apply the
following simplified selection rules:
{
σ+ → l = 1, m = 1,
σ− → l = 1, m = −1, (1)
where we assumed that the light propagates along the z-
axis, i.e., the axis of the chain, Fig. 1. In what follows we
consider excitons with the same principal quantum num-
ber n and l = 1, which are optically active. The triplet of
the degenerate states with m = ±1, 0 in the jth trap can
be described by the pseudovector angular momentum-
1 (in what follows, spin-1) operator Lj = (L
x
j , L
y
j , L
z
j ).
Thus, the selection rules (1) dictate that under the σ+
excitation the exciton with Lz = 1 is generated, while
under the σ− excitation the exciton with Lz = −1 is
formed. Similar rules hold for the exciton recombination.
We assume that each trap is occupied by one exciton.
The excitons in the neighboring traps are coupled by the
van der Waals interaction. The analysis of the relevant
energy scales demonstrates that the coupling between the
states with different n and l can be neglected.12 Thus, the
Hamiltonian of the chain takes the form
H =
N−1∑
j=1
Hbond(Lj ,Lj+1) , (2)
where N is the number of traps, Hbond is the nearest-
neighbors interaction Hamiltonian. The general form of
Hbond can be established from the symmetry arguments
2 4 6 8 10 12
0
1
2
3
4
5
Number of excitons
R
el
at
iv
e 
en
er
gy
, (
E-
E 0
)/E
ground state
magnons
}x2
}x2
}x2
gap for excitation
of magnons
FIG. 2: Energy spectrum of the chain with open boundary
conditions as function of the number of excitons N . For each
N we show only 7 lowest states, energies are counted from the
lowest one. Four states converging to the degenerate ground
state in the limit of infinite chain are shown by red squares and
circles. Three magnon excitations with Sz = 0 and Sz = ±1
are shown by blue triangles.
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Hbond(L1,L2) = c0 + c1Lz1Lz2 + c2(Lx1Lx2 + Ly1Ly2) (3)
+ c3(L
z
1L
z
2)
2 + c4(L
x
1L
x
2 + L
y
1L
y
2)
2
+ c5[L
z
1L
z
2(L
x
1L
x
2 + L
y
1L
y
2) + H.c.]
+ c6(L
x
1L
y
2 − Ly1Lx2)2 .
Here c0, . . . , c6 are 7 real constants and ‘H.c.’ stands for
Hermitian conjugate. These parameters were calculated
in Ref. 11 with the result for n = 12 . . . 25:
c0 = −5.58E , c1 = 9.53E , c2 = −8.97E ,
c3 = 1.27E , c4 = 6.59E , c5 = −3.18E , c6 = 5.04E . (4)
where the common factor E is 10−4n11 ~ s−1 × µm6/R6.
Since c1 > 0 the coupling is mostly antiferromagnetic.
Interestingly, that in addition to the rotational symmetry
around z axis, the Hamiltonian (3) is invariant under
the change of parameters c2 → −c2, c5 → −c5 which
corresponds to reflection z → −z (i.e., Lx → −Lx, Ly →
−Ly, Lz → Lz) for every second spin.
In what follows we discuss the ground state of the ex-
citonic chain and its excitations. We demonstrate that
the topological edge states can indeed be detected by fea-
tures of polarization of emission of the j = 1 and j = N
traps.
III. RESULTS AND DISCUSSION
Figure 2 shows the energy of seven lowest states in the
finite array of traps with open boundary conditions, de-
pending on the number of excitons N found by numerical
3diagonalization of the Hamiltonian (2). In our calcula-
tions, we have used the energy of the ground state12
E0 ≈ −3.51NE (5)
as the origin of the energy. Red circles and squares cor-
respond to 4 lowest states. The analysis performed in
Ref. 12 based on the infinite time-evolving block deci-
mation (ITEBD)19–21 and Kennedy-Tasaki22 variational
ansatz demonstrates that, in the limit of infinite num-
ber of excitons, N →∞, these states become degenerate
and form 4-fold degenerate ground state of the Haldane
model.23,24 The remaining three states with higher en-
ergy, shown by blue triangles, correspond to the single-
magnon excitations on top of these 4 lowest states.12,25,26
The magnon can be characterized by the projection of the
total orbital momentum on the structure axis and form
a singlet with Sz = 0 and a degenerate doublet with
Sz = ±1. In the limit of N →∞ the magnon excitation
gap tends to ≈ 1.1E .12 Substantial dependence of the
magnon energy on the chain length observed in Fig. 2 is
related to the size quantization effect: The magnons form
standing waves with the wavevector determined by the
reciprocal chain length.The calculation demonstrates the
decrease of the energy gap between the 4 lowest states
and the magnons with the increase of the number of ex-
citons because the size quantization energy of magnons
becomes smaller.
We will now examine in more detail the spin structure
of 4 “ground” states of the exciton chain and show, how
it reflects the diluted antiferromagnetic order in the sys-
tem. Our goal is to demonstrate that (i) these 4 states
behave as spin-1/2 topological edge states of the Haldane
phase and (ii) they can be probed optically by studying
the circular polarization of the exciton emission from the
traps given by 〈Lzj 〉.
First, we note that two interacting spins 1/2 at the
edges form a degenerate doublet with the total momen-
tum projection on z axis Lz = ±1 and two almost de-
generate states with Lz = 0. Indeed the axial symmetry
of the system together with the time-reversal invariance
ensures the degeneracy of Lz and −Lz states, but en-
ables mixing the states with the same angular momen-
tum component. The latter coupling vanishes in N →∞
limit because it is related to the finite localization length
of the edge states [cf. Ref. 27 where the coupling between
the edge spins in the nanotube is studied]. This explains
the separation of the 4 lowest states in Fig. 2 into 2 dou-
blets. The calculation shows that the pair with Lz = 0
has lower energy for even values of N and the pair with
Lz = 1 has lower energy for odd N .
Second, we have presented in Fig. 3 the spatial distri-
bution of the average value 〈Lzj 〉 along the chain calcu-
lated numerically for the lowest 4 states of the system.
Figure 3(a) demonstrates that for both states the spin
〈Lzj 〉2 is at maximum at the edges and decays to the cen-
ter. This is in full agreement with that could be expected
from the edge states. The sign of 〈Lzj 〉 oscillates due to
the antiferromagnetic order, as demonstrated by the in-
FIG. 3: (a) Spatial distribution of the angular momentum
〈Lzj 〉 for two lowest states (downward-pointing triangle) and
two second two lowest states (upward-pointing triangle). In-
set shows the dependence 〈Lzj 〉 for the lowest state. Red curve
shows the fit Eq. (6). Blue circles show the decay of the Ne´el
correlator squared |CNe´el(j)|2, Eq. (13), calculated for the in-
finite chain via ITEBD approach, see text for details. (b)
Spatial distribution of the angular momentum 〈Lzj 〉2 for the
third state depending on the number of excitons in a chain.
set of Fig. 3(a). Figure 3(b) shows the dependence of the
spin distribution on the number of traps in the chain.
The calculation demonstrates that the distribution has
apparent edge maxima already forN = 6 excitons (brown
crosses). When the number of excitons increases up to
10, the spins are mostly concentrated at the edges, where
〈Lzj 〉2 ≈ 0.7 and the values of 〈Lzj 〉2 in the middle of the
array are smaller by more than an order of magnitude.
For sufficiently large N the distribution of spin can be
approximately described by the exponentially decaying
function
〈Lzj 〉=Lz0aj , j = 1, 2 . . . . (6)
The corresponding fit for the 3rd and 4th states at N =
16 with L0 ≈ 1.36, a ≈ −0.75 is shown by the red dashed
curve in Fig. 3(a). The decay in the figure is twice faster
because the 〈Lzj 〉2 dependence on the site number j is
shown. There exists also a noticeable difference between
the decays of polarization for the pairs of states 1,2 and
3,4. Most probably, it is a finite size effect beyond the
scope of our analysis.
The exponential decay in Eq. (6) calls for special
analysis. We demonstrate now that Eq. (6) follows
from the variational matrix product state ansatz for the
4wavefunction,28
ψs1...sNαβ = M
s1
αα1M
s2
α1α2 . . .M
sN
αN−1β , (7)
where the rank-2 matrices Msj (sj = −1, 0, 1) are given
by
M1 =
1√
x2 + 1
(
0 0
x 0
)
, (8)
M−1 =
1√
x2 + 1
(
0 −x
0 0
)
,M0 =
1√
x2 + 1
(−1 0
0 1
)
.
Here the subscripts α, β = 1, 2 depend on the specific
boundary condition and the superscripts sj = −1, 0, 1
label the spin projections. The matrices (8) and, accord-
ingly, the wavefunction (7) depend on a single variational
parameter x that determines the average value of spin in
the infinite array with the periodic boundary conditions,
〈L2z〉 =
x2
x2 + 1
. (9)
Physically, this parameter characterizes the anisotropy of
the spin distribution. The cases of x = 0,∞ correspond
to the extreme anisotropy: Obviously, for x = 0 one has
Lz = 0 for all the spins. For x → ∞ one has |Lz| = 1.
The latter also corresponds to a strongly anisotropic
model where Lz = ±1 and the value Lz = 0 is impos-
sible, i.e., is much higher in energy. In case of isotropic
Affleck-Kennedy-Lieb-Tasaki (AKLT) model,22–24 where
the Hamiltonian Hbond = L1 · L2 + (L1 · L2)2/3, the
ansatz Eq. (7) is exact with x =
√
2.
For our case of Rydberg excitons in Cu2O the ground
state energy in the limit of N →∞ calculated variation-
ally with the trial function (7) parametrized via the ma-
trices Ms in Eq. (8) has a minimum with E0 ≈ −3.49NE
at x ≈ 2.12 This variational result is in excellent agree-
ment with the numerical result Eq. (5). The expectation
value of the operator Lzj in a chain with open boundary
conditions can be then found from the ansatz (7) as
〈ψαβ |Lzj |ψαβ〉 = [I · I · . . .︸ ︷︷ ︸
j−1
·Lz · . . . · I · I︸ ︷︷ ︸
N−j
]αβ , (10)
where
I =
1
x2 + 1
(
1 x2
x2 1
)
, Lz =
1
x2 + 1
(
0 −x2
x2 0
)
. (11)
Taking into account that the matrix I has eigenvalues 1
and (1− x2)/(1 + x2), we recover the decay law Eq. (6).
Note, that the expression (10) does not depend on α, β
for j > 2. The ansatz Eq. (7) predicts a somewhat faster
decay with
a =
1− x2
1 + x2
≈ −0.6 (12)
than the value a ≈ −0.75 following from the fit of ex-
act numerical result in Fig. 3(a). Better accuracy can
be obtained if the number of variational parameters is
increased, i.e. the rank of the matrix Ms is chosen larger
than 2.
An even more intuitive way to understand the origin
of edge spin states is provided by the construction, where
each spin-1 particle is considered as a composite particle
made of two spin-1/2 fermions. The spin-1 state is real-
ized by the three triplet states, as shown in Fig. 1(b),23
while the singlet state with the total spin 0 is assumed to
be split by a significant energy. Namely, we represent the
Lz = 1 state by two spins ↑↑, the state Lz = −1 by two
spins ↓↓, and Lz = 0 by a symmetric combination of ↓↑
and ↑↓. Next, in agreement with the general approach for
the description of Haldane phase23,24,29 we assume that
spins 1/2 on adjacent sites should always be in the singlet
states, i.e. oppositely oriented, e.g. (↑↑)(↓↓) or (↑↑)(↓↑),
Fig. 1(b). Such fusion rules for spins at the neigbouring
sites automatically ensure the long-range diluted antifer-
romagnetic order realized in our exciton spin chains:12
The state with Lz = 1 is always followed by Lz = −1
after an arbitrary number n0 = 0, 1, 2, . . . of states with
Lz = 0. One can readily see that this construction leaves
two uncoupled spins-1/2 at the structure edges, that are
responsible for formation of edge states. This construc-
tion also allows us to re-derive the spin decay law Eq. (6).
Namely, we set the probabilities of each of the configura-
tions ↑↑ and ↓↓ to p1/2 with
p1 =
x2
x2 + 1
,
and the probabilities of each of the configurations ↑↓ and
↓↑ to p2/2 with
p2 =
1
x2 + 1
,
in order to satisfy Eq. (9) for the average spin. The
normalization condition reads p1 + p2 = 1. These proba-
bilities make it possible to determine the law of the 〈Lzj 〉
decay. To that end, without the loss of generality we
consider the situation when the first spin-1/2 at the first
site is fixed to ↑, i.e. the chain starts either with (↑↑)
(with the probability p1) or with ↑↓ (with the probabil-
ity p2 = 1 − p1). Hence, the average spin projection at
the first site is equal to 〈Lz1〉 = p1 × 1 + p2 × 0 = p1. The
average spin at the second site is then contributed only
by configurations with L
(2)
z 6= 0, namely (↑↑)(↓↓) with
the probability p21 and L
(2)
z = −1 and (↑↓)(↑↑) with the
probability p2p1 and L
(2)
z = +1 . Hence,
〈Lz2〉
〈Lz1〉
=
1
p1
[p1 × (−1) + p2p1×(+1)] = 1− x
2
1 + x2
,
in agreement with Eq. (12). Furthermore, repeating this
procedure we obtain the same ratio for 〈Lzj+1〉/〈Lzj 〉 ≡ a.
Interestingly, the decay of the edge spin polarization
Lzj well matches the behavior of the Ne´el correlator
CNe´el(j) = (−1)j〈LziLzi+j〉, (13)
5in the infinite chain. Here, the averaging over the trap
i at a fixed j is assumed. The quantity |CNe´el(j)|2 cal-
culated via the ITEBD approach12 is shown by the blue
circles in Fig. 3(a), being in good agreement with the re-
sults of calculated decay of the 〈Lzj 〉2 in N = 16 chain.
This is not surprising because the decay of topological
edge states at j  1 is determined by the bulk prop-
erties, namely, by the spin-spin correlation function. It
is particularly clear in the variational ansatz, Eq. (7),
which shows that (up to the inessential details related to
the choice of the initial spin state and the common fac-
tor) the Ne´el correlator Eq. (13) and the Lzj are given by
the same construction, Eq. (10).
It is worth to note, that high values of edge spins Lz1
and LzN in the finite-size chains as compared to the val-
ues in the bulk present a fingerprint of the diluted anti-
ferromagnetic – Haldane – phase studied here. We have
checked numerically that for the chains with the interac-
tion parameters corresponding to the real ferromagnetic
or antiferromagnetic order (see Supplement in Ref. 12)
the absolute value |〈Lzj 〉| = const. In the latter situation
the fusion rules discussed above are not applicable.
IV. CONCLUSION AND OUTLOOK
Here we have studied the distribution of p-exciton
angular momentum in the one-dimensional chains of
trapped excitons in Cu2O. We have shown that the pre-
dicted topological Haldane phase with diluted antifer-
romagnetic order and four-fold degenerate ground state
behaving as two spin-1/2 fermions at the edges manifests
itself in the circular polarization of the exciton emission.
The four-fold degeneracy of the ground state is lifted in
the finite chains. We have demonstrated that the exci-
ton angular momentum component 〈Lz〉 at the edges is
enhanced as compared to the bulk value. We have cal-
culated the distribution of the angular momentum vs.
trap position in the chain numerically and also analyti-
cally within two approaches: (i) variational one based on
matrix-product-state ansatz and (ii) two spin-1/2 rep-
resentation of the angular momentum-1 state with ap-
propriate ordering rules. In particular, these auxiliary
– fictitious – spins-1/2 in the adjacent traps are always
antiparallel, while at the same trap they form one of the
triplet states.
In cuprous oxide studied here the formation of the
topological spin (strictly speaking, orbital angular mo-
mentum) states is caused by particular relation between
the van der Waals interaction parameters. It could be
interesting to analyze the situation where the excitons
have orbital angular momentum 0, but the exchange in-
teraction between the electron and hole provides spin-
1 state (like, e.g., in GaAs-, CdTe-, or transition-metal
dichalcogenides-based nanosystems). In this situation,
one can imagine similar effects if the spin-spin coupling
between the adjacent traps is sufficiently strong. Here,
however, the spins-1/2 are real as they correspond to the
electron and hole spins (or valley indices) forming the
exciton. Studies of such systems can shed more light on
the topological properties of spin-1 chains.
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